Abstract. Let M be an «-dimensional, complete, simply connected Riemannian manifold. In this paper we show that if the sectional curvature is bounded above by -k < 0 and the Ricci curvature is bounded above by -a < 0, then the spectrum of the Laplacian on M is bounded below by [a + (n -1 )(« -2)k]/4 . This improves a previous result due to H. P. McKean.
Introduction
McKean [4] has shown that if M is an «-dimensional complete, simply connected Riemannian manifold with sectional curvature satisfying K < -k < 0, then the bottom of the spectrum /0 of the Laplace operator A, defined as a positive self adjoint operator on L (M) (cf. [5] ), is bounded below by (n-lfk/4.
While this bound is sharp, as shown by the case of the Laplacian on the hyperbolic space [1] , [4] , it is easy to see that even in very simple cases McKean's inequality fails to provide good bounds for A0 .
Consider for instance a product manifold M = Mx x M2, where Mi is a complete, «(-dimensional, simply connected manifold with constant sectional curvature -kl < 0. Since the sectional curvature of the planes span^ , X2) c TM, where Xi G TMt vanishes, McKean's inequality does not give any bound for A0.
On the other hand, denoting by A( the Laplacian on Mi and by AJ,'} the bottom of its spectrum, we have [1] , [4] AJ,'' = («J•-l~fkJ4 and, since spectrum(A) = spectrum(A,)-i-spectrum(A2), this implies A0 = (nx -\fkx/4-\(n2-l)2k2/4. The purpose of this article is to prove the following generalization of McKean's result: Theorem 1. Let M be an n-dimensional, complete, simply connected Riemannian manifold with sectional curvature K and Ricci curvature Ric satisfying K< -k<0 and Ric < -a < 0. Then A0 > [a + (n-l)(n-2)k]/4.
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For n G v1, also let ¿%(t, v)n = (xt)~xR(xtv , xtn) ■ xtv , where R is the curvature tensor of M. Then (cf. [1, p. 3. The main geometric estimate Theorem 2. Let M be a complete, simply connected n-dimensional Riemannian manifold satisfying K < -k < 0 and Ric < -a < 0. Then
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The proof follows from the two lemmas below: 
Notice now that: (i) trU = tv(sé'(t, v)sé~x(t, v)) = (ln(detsé))' = -^^^(t, v) (ii) tr&(t, v) = Ric(yv(t), yv(t)) where yv(t) = expp tv .
Then we have = ¿2piPj>(n-l)(n-2)k.
Therefore we need to show that (U(t,v)n,ri)/(ri,r])>Vk Vi/e/, W>0. A lower bound to -4- §-t yfg can also be used to estimate the Cheeger's isoperimetric constant h(M) of the manifold M (cf. [1] , [2] , [6] ). An argument as in [1, pp. 95-96] , shows that -^ §-,<fg > [a + (n -1)(« -2)Ä:]1/2 implies h(M) > [a + (n -l)(n -2)k] ' . This together with Cheeger's Theorem yields another proof of Theorem 1.
